In this paper, we present extensively the observational consequences of massless dilaton theories at the post-Newtonian level. We extend previous work by considering a general model including a dilaton-Ricci coupling as well as a general dilaton kinetic term while using the microphysical dilaton-matter coupling model proposed in [Damour and Donoghue, PRD 2010].
I. INTRODUCTION
A general feature of all string and superstring theory models is the presence of a massless scalar partner to the metric called dilaton [1] . Perturbative calculations in the context of string theory show that the effective bosonic action should correspond to a "general" scalartensor theory [2, 3] . This means that the dilaton field has gravitational strength, that it couples to the Ricci in the effective action (in the string frame) and that its kinetic term is not necessarily canonical. Besides, the dilaton is non-minimally coupled to the gauge-matter sector [1, 3, 4] . Unfortunately, the precise form of the various couplings in the effective action is not known and therefore it is impossible for now to rule out this type of theory per se. However, one can derive the rich phenomenology resulting from such non-minimal couplings and constrain them with observations and experiments.
In [5, 6] , Damour and Donoghue introduced a specific modeling for the coupling between the dilaton and matter at the microscopic level. In addition, using new results from nuclear physics, they derived an equivalent phenomenological macroscopic modeling allowing to make theoretical predictions of equivalence principle violating effects [5, 6] . In their dilaton-matter coupling model, the dilaton couples directly to the trace-anomaly of the quantum chromodynamics (QCD) sector, which simplifies the analysis by coupling the dilaton directly to the QCD renormalization group invariant mass scale Λ 3 , effectively responsible for most of the mass of hadrons [7] . In addition, the dilaton couples also to the fine structure * A.Hees@ru.ac.za † ominazzoli@gmail.com constant and to the fermion masses (electron and the quarks up and down). 1 In total, 5 coefficients characterize the coupling of the dilaton to matter and they can directly be related to the masses of fermions, to the QCD invariant mass scale and to the fine structure constant.
In [5, 6] , a simple gravitational part of the action formed only by the Ricci scalar (i.e. the standard Einstein-Hilbert action) is used to derive observational consequences of the dilaton-matter coupling. In particular, no Ricci-dilaton coupling or non-canonical kinetic term for the dilaton has been considered. However, actual string loop expansions seem to indicate a more complicated gravitational sector in the string frame [2, 3] . Therefore, the present paper proposes to use the recent results of Damour and Donoghue regarding dilatonmatter modeling in order to derive the post-Newtonian phenomenology of a massless dilaton theory with a generalized gravitational sector. The resulting phenomenology is slightly richer and a specific situation exhibits a decoupling which leads to a strong reduction of the deviations from General Relativity (GR). This decoupling is studied separately in [8] .
Testing GR and constraining alternative theories of gravity have been long-standing efforts in the last decades. In particular, local tests of gravitation have been widely used to test the fundamental principles of GR [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] (for a detailed review, see [22] ). The main goal of this paper is to present all the relevant equations in order to analyze weak gravitational field observations within the framework of dilaton theories. Dilaton the-ories break the Einstein Equivalence Principle (EEP), which means that one has to be very careful when deriving observables. Deviations from GR produced by the dilaton can be classified into two classes: (i) deviations parametrized by the standard parametrized postNewtonian (PPN) formalism [22, 23] and (ii) violations of the EEP. Both these effects need to be considered simultaneously in data analysis. In the present paper we present all the equations needed for a data analysis: equation of motion of celestial bodies (expressed either in a barycentric reference frame or in a local planetocentric reference frame), equation of light propagation and the corresponding effect on range, Doppler and astrometric observables, evolution of the proper time as measured by specific clocks. We also show how to express all the observables properly. All these results will be helpful for the implementation of data analysis in order to constrain dilaton theories correctly.
In Sec. II, we briefly summarized the microscopic dilaton-matter modeling from Damour and Donoghue [5, 6] and the corresponding phenomenological macroscopic model associated. In Sec. III, we present the action considered in this paper. We also introduce briefly the decoupling mentioned above and fully studied in [8] . We derive the field equations and their post-Newtonian solutions. The calculations done in this section are similar to the ones that can be found in [24] [25] [26] . Sec. IV is devoted to the derivation of the equations of motion of massive bodies. A particular care has been taken to rescale the gravitational constant and the masses of the bodies in order to absorb terms that are unobservable and to derive equations of motion that can be used in practice. In Sec. V, we study the propagation of light. Both the equations of motion of massive bodies and the propagation of light are coordinates dependant. In Sec. VI, we show how to express proper observables in dilaton theories. In particular, observables related to clocks (range and Doppler) are developed carefully since they depend on the composition of clocks used for the measurement. In Sec. VII, we present several applications where all this formalism can be used: local measurement of a differential acceleration of two test masses, test of the gravitational redshift with a comparison of two clocks, planetary ephemerides analysis, ephemerides of satellites motion (Lunar Laser Ranging, artifical satellites around Earth and around other planets and natural satellites around other planets) and Very Long Baseline Interferometry (VLBI). Sec. VIII particularizes some of the results to specific cases of the action and compares the results with the literature. Finally, we present our conclusion in Sec. IX.
II. DAMOUR AND DONOGHUE DILATON-MATTER COUPLING MODEL A. Linear coupling
Let us remind the main result from [6] . One uses a phenomenological microscopic model for matter including a dilaton-matter coupling described by (1) where S SM represents the Standard Model Lagrangian depending on the matter fields Ψ i , g µν is the space-time metric and ϕ is the scalar dilatonic field. The interacting part of the Lagrangian is parametrized by
with F µν the standard electromagnetic Faraday tensor, e the electric charge of the electron, F A µν the gluon strength tensor, g 3 is the QCD gauge coupling, β 3 denotes the β function for the running of g 3 , m i the mass of the fermions (electron and light quarks), γ mi the anomalous dimension giving the energy running of the masses of the QCD coupled fermions and ψ i the fermions spinors. The coefficients d i are dimensionless constants that parametrize the interaction between the dilaton and matter. The dilaton coupling coefficients d i have a physical interpretation [6] since they parameterize a linear scalar field dependance of the following parameters: the fine structure constant (for d e ), the mass of the electron (for d me ), the mass of the quarks up and down (for d mu and d m d ) and the QCD mass scale Λ 3 (for d g ). It has to be noted that in this effective model, the dilaton is directly coupled multiplicatively to the QCD trace anomaly
Damour and Donoghue have shown that the microscopic action (1) can be phenomenologically replaced at the macroscopic level by an action describing point masses
where dτ is the proper time defined by c 2 dτ 2 = −g αβ dx α dx β . The effects produced by the coupling of the dilaton to matter is encoded in the coupling function
Within their model, they compute the expressions of the coupling coefficients α A that are given by
where d * g is a constant independant of the composition of the body given by
and whereᾱ A depends on the constants d i and on the physical properties (or composition) of the body A. The semi-analytical expression ofᾱ A has been fully derived in [6] and reads
where dm corresponds to the contribution of the symmetric combination of the light-quark masses
and where the "dilatonic charges" read
and
where A and Z are the mass and atomic numbers respectively. It has to be stressed that the approximation (5) is not suitable for single nucleons or light isotopes. For them, one should rather use the complete formula given in [6] (see Appendix A). This result is general and independent of the gravitational part of the action. The important point lies in the correspondance between the microphysics action (1) suitable to describe microscopic interaction and the macrophyiscs phenomenological action (3) suitable for deriving equations of motion and osbervables. However, one has to notice that the action (1) is already effective (or phenomenological) at some level since the QCD trace anomaly appears explicitely in it.
B. Non-linear coupling
A straightforward generalization of the DamourDonoghue model is to consider non-linear couplings between the dilaton and matter. The corresponding interacting part of the Lagrangian would therefore write
where D i (ϕ) are functions of the scalar field. We suppose here that D i (ϕ 0 ) = 0 with ϕ 0 the background value of the scalar field. A non-vanishing value of D i (ϕ 0 ) would simply lead to a rescaling of the five parameters: fine structure constant, masses of the electron and of the up and down quarks and of the QCD mass scale Λ 3 . In this case, one can replace the matter action by a standard point particle whose mass depends on the scalar field m A (ϕ) through the quantity
The results of Damour and Donoghe now becomes
where the prime denotes the derivative with respect to ϕ,
with the dilatonic charges defined by Eqs. (6) . The post-Newtonian phenomenology of a dilaton nonlinearly coupled to matter will depend on a new quantity (that vanishes in the case of linear coupling) given by
with
III. ACTION, FIELD EQUATIONS AND THEIR POST-NEWTONIAN SOLUTIONS
In the following, we consider a general gravitational part in the action, such that the action reads
with κ = 8πG/c 4 , R the Ricci scalar and f (ϕ) and ω(ϕ) two functions of the scalar field. The gravitational part of this action is a generalization of the one used by Damour and Donoghue [6] , in which f (ϕ) = 1 and ω(ϕ) = 2ϕ. Except for the scalar-matter coupling, it corresponds to a general Brans-Dicke action [27] . The matter part of the action is given by Eq. (1) with the matter-dilaton interaction described by the generalization of DamourDonoghue model [6] parametrized by Eq. (7). As mentioned in Sec. II, the matter action can be replaced phenomenologically by the action (3) with Eq. (9) . One can derive and solve the field equations in this frame, 3 which is sometimes known as the "string frame". Instead, it is more convenient to perform a conformal transformation and solve the field equations in the so-called Einstein frame where calculations are much easier [24] .
A. On a specific model with a decoupling Sec. II suggests to introduce a new decomposition of the phenomenological mass m A (ϕ) of particles as
where the first term is identical for all bodies and is composition independant and the second part is entirely composition dependant. This decomposition is coherent with Eqs. (5a) and (9) with
One can introduce a new metric conformally related to the original metric g µν through
In this frame, the action becomes
This frame corresponds to a frame in which matter is the least coupled (to the scalar field), such that the coupling is effective only through terms that are composition dependent. From this observation, it is important to realize that there is a specific model where the original Ricci-scalar coupling f (ϕ) can be completely absorbed by the composition independent matter-scalar coupling. Indeed, this specific model is characterized by
The consequences of this equality are developed thoroughly in [8] . But one should note that in this case, the newly introduced frame corresponds exactly with the Einstein frame (see Sec. III B).
where the subscripts 0 will refer to quantities depending on the scalar field evaluated at its background value: X 0 = X(ϕ = ϕ 0 ). We shall see that these conditions lead to a decoupling in the post-Newtonian dilaton phenomenology which therefore tends to reduce strongly deviations from GR [28, 29] (see Sec. VIII C). Finally, it is important to realize that there is a rescaling of all units related to the conformal transformation. In particular, the background value of the gravitational constant in this frame units will be rescaled as [30] 
B. Einstein frame action and field equations
One can use a conformal transformation in order to write the action in a form where the kinetic part related to the metric is the one of General Relativity. Such a conformal frame is called the Einstein frame. Moreover, one can rescale the scalar-field such that its kinetic part becomes canonical. The action in this frame with a rescaled scalar field φ reads
where the stars denote quantities in the Einstein frame and where the conformal transformation is defined by
and where we have introduced a rescaled scalar field φ which depends on the original one by
(26) where ρ * A is the energy density, u α * = dx α /cdτ * is the Einstein frame 4-velocity, x i A is the trajectory of the particle A while δ (3) is the 3D Dirac distribution. This matter modelling leads to the following expressions of the source terms (23) of the field equations (22)
where
Using the relation (25) and the decomposition from Eqs. (11) and (12), one can write
where ϕ now depends on φ through Eq. (20) . One can directly see that the decoupling mentioned in Sec. III A leads to α(φ) = 0. The term α(φ) is coming from the Ricci-scalar coupling and from the composition independent part of the matter-scalar coupling. The second partα A (φ) is coming from the composition dependent part of the mattercoupling and is responsible for the violation of the EEP. Obviously, if this last term vanishes the theory will not exhibit any violation of the universality of free fall.
D. Post-newtonian solution to the field equations
One of the main advantages of the Einstein frame lies in the simplicity of calculations to solve the field equations. In particular, using a similar method as the one used in [24, [31] [32] [33] [34] [35] [36] [37] , one can show that the postNewtonian metric can be parametrized as follows
The post-Newtonian gravitational potential w * and w i * are then solution of the field equations and, using the harmonic gauge, 4 are given by (the derivation can be found for instance in [24] ) 4 One should note that the harmonic gauge is imposed here in the Einstein frame while other authors may have been imposing it in other frames (see [38] for instance). It has to be noted that our choice is based on the simplicity of the field equations in the former case. Indeed, imposing the harmonic gauge in any other frame than the Einstein one would be incompatible with the simple form of the metric (30) which satisfies the strong isotropy condition defined in [31] , and the field equations would therefore be appreciably more complicated. See for instance the discussion in [37] .
where w 0 * is the Newtonian potential
and ∆ * is a generalization of the ∆ appearing in the IAU conventions [35] 
In the previous expressions, m *
Finally, the β *
A coefficient that appears in the expression of the scalar field is given by
with the α andα A coefficients defined by Eqs. (29) and β A defined by Eq. (9e).
IV. EQUATIONS OF MOTION
A. Einstein-Infeld-Hoffmann Lagrangian and equations of motion
The equations of motion of a test mass T can be derived using a variational principle from the matter action (24) . This procedure is similar to the one used in [23] [24] [25] [26] . The corresponding Lagrangian is given by
The post-Newtonian expression of this Lagrangian is obtained by expanding m * T (φ) and using the postNewtonian solutions of the scalar field and the spacetime metric given by Eqs. (31) . The Newtonian part is therefore given by
where we introduced a novel Newtonian potential
that depends on the following gravitational constant (see also [24, 25] )
The post-Newtonian contribution to the Lagrangian is given by
where we have now introduced
where the coefficients α * are defined by Eqs. (29) and β * are defined by Eq. (34) . From the previous Lagrangian, the equations of motion for a test particle T can easily be derived. They read
This equation is a generalization of the EIH (EinsteinInfeld-Hoffmann) equation of motion.
B. Simplifications for practical use
For most of applications (like tracking of spacecrafts or planetary ephemeride analysis for example), the equations of motion presented previously can be simplified. First of all, we will use the decomposition of the coefficients α * A0 and β * A0 introduced in Eqs. (29) and (34) into two parts: a part that is composition independent α 0 defined by Eq. (29b) and β 0 defined by Eq. (34b) (coming from the conformal transformation but also from the composition independent part of the dilaton-matter coupling) and a part that is composition dependentα A0 from Eq. (29c) andβ A0 from Eq. (34c). In the case of the linear Damour-Donoghue coupling presented in Sec. II A, the coefficientβ A0 vanishes. It is also interesting to remark that the decoupling introduced in Sec. III A leads to vanishing coefficients α 0 and β 0 .
Simplification at the Newtonian level
This decomposition is important in order to identify the observed gravitational parametersGm A of the different bodies. These gravitational parameters are determined through the motion of bodies around other bodies (for example through the motion of planets around the Sun or through the motion of satellites around a planet). Therefore, these gravitational parameters need to be identified in the Newtonian potential, i.e. in W T given by Eq. (37) . Let us decompose the gravitational constantG AT from Eq. (38) as follows
where we introduced
Note that at the Newtonian level, the equations of motion can be derived from the Lagrangian
(44) Usually, a violation of the universality of free fall is parametrized in terms of a difference between the inertial mass m I and the gravitational mass m G that reads as follows [22, 23] 
But it is important to notice that Eq. (44) shows that this usual parametrization is not appropriate in general for dilatonic theories because of the δ AB coefficients.
5
In general, one can write
It is interesting to mention that D * g0
′ ≫ᾱ B0 because of the coefficients involved in the dilatonic charges (6) that appears in the expression ofᾱ B0 (9c) are small compared to the ones in Eq. (9b). This reflects the fact that most of the baryonic mass comes from the gluonic confinment energy that is common to all baryons [5, 6] . Eq. (46) shows that in most cases (if there is no cancellation in the denominator), this leads to δ AB ≪ δ A . Nevertheless, the decoupling developed in Sec. III A leads to α 0 = 0. In that particular case, δ A = δ T = 0, while δ AT = 0 cannot be neglected and has to be considered 6 . In addition to the rescaling of the gravitational constant introduced in Eq. (43a), the following rescaling of the massesm
is unobservable. Using this rescaling leads to the Newtonian Lagrangian
where the modified Newtonian potential is now given bỹ
Massesm A can be identified to what is sometimes called "(passive) gravitational masses".
Simplification at the post-Newtonian level
We can introduce the notations from Eqs. (42), (43) and (47) into the first post-Newtonian contribution to the Lagrangian from Eq. (39). Since the coefficients δ A and δ AT are already appearing at the Newtonian level, we can safely neglect them at the first post-Newtonian order. This considerably simplify the post-Newtonian Lagrangian that can be written as
where all the terms are given by
withG, δ A and δ AT given by Eqs. (43) andm A given by Eq. (47) . The δ A coefficient can now be expressed in term of theγ parameter as
Note thatγ = 1 implies δ A = 0 but not necessarily δ AT = 0. The potentials W , W i and ∆ are standard and the coefficientsγ andβ can be identified as the standard PPN parameters. One can note that although the parameter γ AT from Eq. (40d) can be either one, less than one or even more that one [39] , the universal parameterγ can only be less than one or equal to one (in the decoupling limit).
The correction to the Newtonian potentialW T encode the violation of the universality of free fall. Note however that the d∆ T term appearing at the post-Newtonian level of the Lagrangian is new. This term appears only if there is a non-linear matter-dilaton coupling (see Sec. II B) which implies a non-vanishingβ A0 coefficients as can be seen from equations (34c). This term that is related to the violation of the UFF at the first post-Newtonian order can safely be neglected in most cases. It becomes important only whenβ T 0 α 0 /Z 0 ≫ᾱ T 0 (which happens for specific coupling functions characterized by |D
Simplified equations of motion
Using the previous simplifications, the equation of motion (41) now becomes
The developed form of these equations are given by
where r AT = x T − x A . In this equation, we included a term Q T that parametrizes a potential correction due to the non-geodesic motion of celestial and artificial bodies. For celestial bodies it could be due, for example, to the interaction of their quadrupole moments with the external masses [33, 35, 40, 41] . For spacecrafts it could be due, for instance, to radiation pressure.
These are the standard PPN equations of motion (EIH equations of motion) [23] with a modification of the Newtonian force to include the violation of the equivalence principle (encoded in W T or in the coefficients δ T and δ AT ). Post-Newtonian terms also have small differences compared to the standard EIH equations coming from the d∆ T term. These terms are non-negligible only in the case of a non-linear matter-dilaton coupling characterized by |D
| (see the discussion in the previous section).
C. Nordtvedt effect
So far, we have neglected hypothetical effects due to the extension and the gravitational self-energy Ω A of celestial bodies since the modeling used is based on a test mass action. The full development in order to study these effects would be to derive the equation of hydrodynamics and reintegrate them over the bodies as it has been done in the standard PPN framework in [23, 42] . Including a violation of the Einstein equivalence principle in this formalism is beyond the scope of this paper. Nevertheless, a simple heuristic argument allows one to show that the main effect coming from the gravitational self-energy is the usual Nordtvedt effect parametrized by [43] 
where m G A refers to the gravitational mass (or passive mass) and m I A refers to the inertial mass. This is a consequence of a violation of the Strong Equivalence Principle (SEP). The idea is to introduce the sensitivity of the extended body defined as [25, 26] 
In the weak field limit, the sensitivity of a body is related to its gravitational self-energy s A = |Ω A |/m A c 2 [26, 44, 45] . It is possible to relate the sensitivity of the body to the coupling α A (ϕ) defined as
This term will be additional to the terms presented in Sec. II that parametrizes a violation of the Einstein equivalence principle. Therefore, the decomposition (29c) will have an additional term and becomes
where the first term is unchanged and where the derivative from the second term can easily be evaluated by using Eq. (43a). The parameter δ A introduced in Eq. (45) as m G A /m I A = 1 + δ A and whose expression is given by Eq. (43b) will now have an aditional term given by
where theγ andβ coefficients are the ones defined in Eqs. (51) . This expression shows that the leading contribution of the gravitational self-energy of bodies is parametrized by an additional term in the expression of δ A that is parametrized by the Nordtvedt parameter whose value is given by
which is the standard expression of the Nordtvedt parameter in the PPN formalism [23, 42] . As mentioned in the beginning of the section, the heuristic argument presented here allows to derive the main term appearing due to gravitational self-energy but more subtile effects may arise from a more complete hydrodynamical calculation. For the purpose of this work, it is sufficient to consider that gravitational self enery will produce an additional contribution in the expression of δ A that takes the form given by Eq. (58).
D. Temporal evolution of the gravitational constant
In Sec. IV A and IV B, all the quantities with a subscript 0 depend on the background value of the scalar field ϕ 0 . This background value usually refers to the cosmological value for the scalar field. This quantity is therefore not strictly constant and will vary with time at cosmological scales. This will produce further effects that may affect the motion of celestial bodies. The question of connecting the Solar System reference frame to the cosmology within the dilaton theory is beyond the scope of this paper. In order to do so, one would have to study the cosmological behavior of the field equations before matching the local reference frame to the cosmological solution. This problem has been considered recently in GR in [46] . Nevertheless, one can phenomenologically work out the main features coming from a temporal variation of the background scalar field. For that purpose, it is sufficient to work with the standard Newtonian equation and keep the leading term produced by a non-vanishingφ 0 (where the dot refers to the temporal derivative in terms of the local time coordinates). At the Newtonian order, starting with the Lagrangian from Eq. (36) and assuming that m T 0 , m A0 and G AT depends on time through a dependance on φ 0 , one can easily show that the equations of motion will exhibit an additional term
with t 0 a reference time and where all time dependent quantities have been evaluated at t 0 . Using Eq. (38) and expressing the gravitational constant in units defined by Eq. (17), one gets
Keeping only the leading terms leads to an additional terms of the form
that should be added to the standard equations of motion from Eq. (53).
V. PROPAGATION OF LIGHT
In the geometric optic approximation, light follows null geodesics even if there is a multiplicative coupling between the electromagnetic (EM) Lagrangian and the scalar field [47] [48] [49] . Since the EM Lagrangian is conformally invariant in four dimensions (equivalently since light rays follow null geodesics defined by ds 2 = 0), both the Einstein and the original "string" frames can be used to derive the propagation of light, they lead to the same results. For example using Time Transfer Functions formalism [50, 51] at first post-Newtonian order, one can show that the coordinate propagation time is given by
where E is the emission event, R is the reception event, h µν = g µν − η µν is the post-Minkowksian term of the metric and where the integral is performed on a straight line (parametrized by z α (λ)) between the emitter and the receiver. Using any of the metric presented above (g * µν , g µν orḡ µν ), one gets
Moreover, we have
Therefore, propagation of light follows geodesic of the standard PPN metric with an additional mass rescaling. For example, the standard Shapiro delay for a single source now writes
which shows that theγ PPN measured with light propagation is in theory slightly different from the one appearing in the equations of motion. Nevertheless, the difference is numerically small sinceα A0 /α 0 ≪ 1 and in most practical application, one can simply use the usual PPN Shapiro delay formula.
VI. OBSERVABLES
In the two previous sections, we have carefully derived the effects of a massless dilaton on celestial body equations of motion and on the propagation of light. Both of these are know to be coordinate dependent and as such, do not (necessarily) correspond to observable quantities. In order to analyze observations, it is important to rely on observables that are coordinate independent. The fact that we are considering a theory that is breaking the Einstein Equivalence Principle means that the expressions of the observables in terms of the space-time metric are not necessarily similar to their GR expressions. In this section, we will derive different observables (in particular the ones that rely on observations made with accurate clocks) and enlighten the difference between GR and dilatonic theories.
A. Time measured by a specific clock
Because of the violation of the equivalence principle, the time measured by a clock does not correspond necessarily to the proper time dτ = −g µν dx µ dx ν appearing in the action (3). The measured time becomes now dependent on the composition of clocks and on the local value of the scalar field. This is due to the breaking of the equivalence principle and is known as a violation of the Local Position Invariance [22, 23] . This can easily be illustrated by an atomic clock that depends on a specific atomic transition. For instance, Prestage et al. [52] and later on Flambaum and Tedesco [53] give the dependency of hyperfine transition based frequencies on fundamental parameters such as the fine structure constant, the mass of the electron or the mass of the proton. Since all of those parameters depend on the value of the dilaton (as mentioned in Sec. II), frequencies given by those clocks will also depend on the dilaton field.
In general, let us condider a clock of internal composition I that is delivering a frequency ν I (ϕ) that depends on its internal composition and on the value of the scalar field. The time given by this clock can therefore be written as
where the first term encodes all the composition dependence of the clocks and the second term is the standard proper time of the space-time metric g µν that would be observed if no violation of the Einstein Equivalence Principle is considered. Note that this relationship defines a new metric conformally related to the original one g µν and to the Einstein frame one g * µν bŷ
where we introduce the quantity ν * I = f (ϕ)/f 0 ν I . Therefore, the clock I will measure the proper time related to this new metric. Similarly to the coefficients α A (ϕ) introduced in Sec. II, it is natural to introduce the following quantity
This quantity depends on the composition of the clock I and has a similar role to the α A (ϕ) quantity defined in Eq. (4). Therefore, it is also natural to introduce the analogous of α * A (ϕ) defined by Eq. (29) , such that
It will be useful to introduce the quantityχ I (φ) (similar toα A ) defined by
and that can be written as
The expression of the measured time is now given by
It turns out that the expression of dτ I /dt is almost exactly the same to the expression of the Lagrangian given by Eq. (35) in Sec. IV A. Indeed, one only needs to replace α * T by χ * I . Therefore, the equations for the measured time can be written as follows
G * m B0 r AB .
Simplification for practical use
For applications, it is convenient to use a simplified version of Eq. (73) . The procedure to simplify this equation is similar to what has been performed in Sec. IV B and consists to keep the terms violating the equivalence principle only in the 1/c 2 part. This simplification leads to
whereŴ I is given bŷ
withδ
with dβ A given by Eq. (51g) and
2. Expression of the couplings in the case of a clock working on a hyperfine transition
The coupling χ I (ϕ) related to a clock I working on an atomic transition is simply given by [54, 55] 
where E I is the expression of the transition energy as a function of the dilaton field. In the case of a clock working on a hyperfine transition, the expression of the transition energy as a function of fundamental parameters (electron charge, mass of particles, . . . ) is given in [53, 56] and reads
where m e and m p are the electron and proton mass respectively,m is the mean value of the light quark masses (up and down), m s is the mass of the strange quark and α EM is the fine structure constant. K rel comes from the Casimir factor and reads (at the s-wave approximation
1/2 , while κ q and κ s come from the nuclear magnetic moment and are computed in [53] . Until now, since we used Damour and Donoghue microphysical model [6] , we neglected possible contributions from strange quarks. In order to be coherent with the rest of the paper we shall continue to neglect such contribution in the following. Their contribution is nevertheless only one order of magnitude smaller than the contribution from light quarks [53] . The derivative of the previous formula gives
7 Numerical many-body calculations give more accurate results [57] .
where the functions D i (ϕ) are the dilaton-matter coupling functions introduced in Sec. II. 8 Therefore, one may have to consider strange quarks' effects in future analysis. α p is related to the proton composition and is given by 9 (see Appendix A)
Introducing this expression in Eq. (71b) gives
whereᾱ p is given bȳ
.
B. Range
The range is obtained as a difference of measured time given by two clocks (or even one in special configurations like when light is reflected before going back to where it originated, such as in lunar laser ranging for instance [58] ). let us assume that the signal is emitted by a clock C E of composition E characterized by χ E . Similarly, the signal is received by a clock C R whose composition is characterized by χ R . The measured time provided by C E and C R are given byτ E andτ R which are given by the integration of Eq. (75) . In general, the range is therefore given by
where t R and t E are the coordinate reception and emission time of the electromagnetic signal and are related through Eq. (64).
8 Let us remind that in a linear coupling model like the one from [6] , one has D ′ i (ϕ) = d i .) 9 The difference with the numerical application of Eqs. (9) lies in the fact that Eqs. (9) is an approximation that is not suitable for protons. See Appendix A.
let us now consider a particular situation where the same type of clock C is used at the emission and at the reception and where the EM signal is doing a round trip 10 . In this case, the range R is given by
where R PPN is the expression of the range in the standard PPN formalism and where theδ C andδ CA are depending on the constitution of the clock C through Eq. (77).
C. Doppler
let us now focus on the frequency shift. Following the methodolgy of [59] , we can write the frequency shift as
where the expression of the dτ /dt are given by Eq. (75) and the dt E /dt R can be computed from the PPN metric as usual (see Sec. V). This gives
where W E/R are the standard Newtonian potential at the emission/reception events and the ratio q R /q E is due to corrections arising from the transmission of the signal between the two clocks. It includes standard Doppler corrections as well as corrections related to the Shapiro delay. This term is computed from the PPN metric and is given for instance in [51, 59] .
D. Angular separation
In general, astrometric observations measure the angular separation between two celestial bodies or stars. The observable in this case is defined as the scalar product of the two wave vectors at the event of reception (see 10 It could be for example the tracking of spacecrafts measured with a "DSN station-spacecraft-DSN station" link.
for example [40] ). Let us denote by k µ and (k ′ ) µ be the two wave vectors tangent to the two light rays. The angular separation θ between these two light rays is given by [51, 60, 61] 
where the bracket is evaluated at the reception event and wherek i = k i /k 0 . This expression is clearly conformally invariant. Following the discussion from Sec. V, thek i quantities can be computed from the PPN metric (or to be rigourous from the PPN metric with rescaled masses m A (1 − δ A )). After introducing the expression of the metric, one finds
This expression is exactly the one from the PPN metric [51] , which shows that the reduction of astrometric observables can safely be done using the standard PPN formalism.
VII. APPLICATIONS
The goal of this section is to apply all the relations developed above to different applications and is devoted to data analysis. All the post-Newtonian phenomenology developed so far depends on a a large numbers of parameters: For data analysis, it is much more appropriate to consider the following combinations of parameters:
• first, two universal parameters
• In addition to these two parameters, one needs to introduce the following parameters for each bodies (or for each type of bodies only in order to simplify the problem)
recalling thatᾱ A is given by Eq. (9c) andβ A by Eq. (9e).
• Finally, one needs to consider one additional parameterχ I0 by type of clocks used to make observations. In the case of an atomic clock working on a hyperfine transition, this parameter is related to the fundamental parameter through
whereᾱ p is given in Eq. (81d), while K rel and κ q are given in [53] .
From these parameters, it is possible to compute the universal PPN parameters
but also the following parameters that are specific for each body and that parametrize a violation of the equivalence principle
where the second part of δ A parametrize a violation of the Strong Equivalence Principle (Nordtvedt effect, see Sec. IV C). Finally, the following parameters related to clocks can also be computed
All the quantities defined in Eqs. (89) are sufficient to analyze weak field data. The idea is to use parameters from Eqs. (88) as fundamental parameters in the data analysis and to constrain them from diverse observations involving quantities that are developed in Eqs. (89) .
A. Universality of free fall in the lab
One way to test the universality of free fall is to measure the differential acceleration between two test bodies in the gravitational field of another one (typically the Earth). These tests have currently reached a level of accuracy of the order 10 −13 [9] . Let us denote by "E" the source of the gravitational field and by "B" and "C" the two test masses. From Eq. (52), a test particle B evolving in the gravitational field generated by the body "E" will experience an acceleration a B = ∇W (1 + δ B + δ EB ) at the Newtonian level. Therefore the relative acceleration of two particles falling in the field of the body E reads
This first term in this equation is similar to the one found in [6] . In general, this first term is the dominant one. Nevertheless, there exists a decoupling limit (see Sec. III A) when α 0 vanishes. In this case, the first term vanishes and only the second term plays a role in the violation of the universality of free fall.
As usual in scalar-tensor theories, a decoupling occurs when Z 0 → ∞, which corresponds to α 0 → 0 andα A0 → 0 as can be seen from Eq. (29) . In this limit, equivalence principle violations tend to become unobservable. Also, let us remind that for a family of coupling functions, Z is dynamically driven toward infinity during the evolution of the universe [3, 47, [62] [63] [64] [65] .
B. Comparison of two different atomic clocks at the same position
An interesting experiment consists in asserting the ratio of the frequencies delivered by two different types of clocks located at the same position B. In this kind of experiment, the ratio of the frequencies of the two clocks depends only on the value of the scalar field. The observable is therefore given by
The term
νJ (ϕ0) is constant and unobservable as long as ϕ 0 is considered constant. It plays a role when one considers a temporal variation due to cosmological evolution of the scalar field (see Sec. VII B 3). Different temporal signatures can be used to constrain the dilatonic couplings: a linear drift due to a cosmological evolution of the scalar field which is encoded in the ν I (ϕ 0 )/ν J (ϕ 0 ) terms or some periodical variations due to the evolution of the potentialsŴ J andŴ I (typically annual and sidereal frequencies).
Other parametrization used in data analysis
Instead of using the frequency parametrization given by Eqs. (81), it is common to parametrize the ratio between two atomic frequencies by using three constants [13] : k α , k µ and k q related to the fine structure constant α EM , to µ = m e /m p and to the ratiom/Λ 3 . A fractional variation of any atomic frequency therefore writes
where the three coefficients k i depend on the atomic frequencies considered and are given by atomic and nuclear structure calculations [53, [66] [67] [68] . Using this parametrization, one finds
with α p given by Eq. (81b). This quantity appears directly in Eq. (91a) sincê
2. Periodical evolution of the frequencies ratio
Any variation of the ratio of two atomic frequencies can be related to the variation of the gravitational potential as shown by Eq. (91a). Therefore, any periodic modulation of the gravitational potential due to orbital motion or to Earth rotation can be searched in measurements and used to constrain the dilaton/matter couplings by using Eq. (91b).
For instance, assuming that the gravitational potential of the Sun W ⊙ is the dominant gravitational source, one gets from Eq. (91b)
where one can either use the definition of theδ coefficients from Eqs. (77) and (81) or use the expressions (94) with Eq. (93). As the Earth moves on an ellipse around the sun, the gravitational field of the Sun varies on Earth such that one should expect annual variations of the frequency ratios. Several null experiments have put constraints on such variations [13, 69, 70] . Using the parametrization introduced in Eq. (92) and a combination of observations of different types of frequencies ratios, it has been possible to produce individual constraints on the variation of the fine structure constant α EM , of µ = m e /m p and ofm/Λ 3 . These constraints are very easily linked to the dilaton/matter couplings
where the variations given here are with respect to the gravitational potential W ⊙ . The numerical values are taken from [71] . In particular, it is interesting to mention that these combinations are different from the ones appearing in UFF experiments. In particular, the coupling D ′ e0 that influences very weakly UFF experiments has a direct influence in the comparison of clocks. Moreover, while the coupling D ′ me0 does not strongly influence UFF experiments, it is always constrained by comparison of clocks.
Cosmological and astrophysical effects
As already mentioned in Sec. IV D, the background value of the dilaton field ϕ 0 can actually vary on astrophysical and cosmological scales. In particular, it can vary in time depending on the cosmological evolution of the dilaton field (the cosmological evolution of the dilaton field has been explored for example in [3, 47, 72] ). Therefore, it is also interesting to search for other variations in the ratio of the two clocks' frequency δ ln(ν I /ν J ). Usually, the community is searching and constraining linear drifts in the frequency ratio [13, 69, 70, 73] . This drift comes from the ν I (ϕ 0 )/ν J (ϕ 0 ) term of Eqs. (91) and writes
where the difference of the coefficients χ I0 is given by Eq. (93) or theχ I0 coefficients are given by Eqs. (81) . Using the parametrization introduced in Eq. (92) and a combination of observations of different types of frequencies ratios, it has been possible to produce individual constraints on the temporal variation of the fine structure constant α EM , of µ = m p /m e and ofm/Λ 3 . These constraints are very easily linked to the dilaton/matter couplings
where the numerical values are taken from [71] . However, in order to make a connection between those constraints and the cosmological evolution, one would still need to match the cosmological time with the local coordinate time. This difficult task is out of the scope of the present paper (see also the discussion in Sec. IV D). In addition, it has recently been proposed to search for oscillations with arbitrary frequencies in models where the dilaton plays also the role of Dark Matter [74, 75] (in these papers, a potential is nevertheless introduced).
C. Test of the gravitational redshift
A measure of the gravitational redshift between two clocks located in two different gravitational field is also considered as a test of the Local Position Invariance, a facet of the Einstein Equivalence Principle [22, 23] . The best current test has been performed by comparing a clock in a rocket with a clock on ground [10] and constraint the gravitational redshift at the level of 10 −4 . Several propositions have been made to improve this test using GNSS Galileo 5 and 6 satellites [76] or with the Atomic Clock Ensemble in Space (ACES) experiment [77] .
Using Eq. (85), we can write the gravitational redshift as
whereŴ is the modified Newtonian potential introduced in Eq. (76) . Usually, deviation from GR is parametrized by a dimensionless parameter Υ, 11 such that
with ∆W = W R − W E the difference of the Newtonian potentials as experienced by the emission and reception clocks. But it has to be stressed that this parametrization is not ideal in the case of the dilaton theories since it does not parametrize Eq. (99) in the general case. Nevertheless, it is possible to make the link between the two formalisms for some specific situations. Let us consider a clock orbiting Earth whose frequency will be compared to the frequency of a clock located on Earth (this corresponds to the tests proposed with the Galilelo 5 and 6 spacecrafts [76] and to ACES [77] ). In that particular case, the gravitational redshift becomes
wherem ⊕ is the Earth mass, the subscript R refers to the receiving clock which is located on Earth and E refers to the emitting clock which is orbiting on an elliptical orbit. For the test proposed with Galilelo spacecrafts [76] , only the variable part of the gravitational redshift is used to constrain deviations from GR, the constant part is not observed. In this case, the dependance on the receiving clock disappears and one can safely identify the estimated Υ withδ E +δ E⊕ . On the other hand, when the clock PHARAO on ACES will be compared to similar clocks on the ground, then 1 +δ E +δ E⊕ can be factorized out in Eq. (101) and one also recovers Υ =δ E +δ E⊕ . Using the Galileo satellites, we expect to estimate the Υ parameter with an accuracy at the level of 3×10 −5 [76] while ACES should reach an accuracy at the level of 10 −6 . The estimations can directly be translated into constraints on the matter/dilaton couplings using Eqs. (77) and (88e). Therefore, the order of magnitude of the constraints on the dilaton/matter couplings that will be reached with ACES are similar to the ones obtained by comparison of two clocks in the lab (see Sec. VII B 2).
On the overall, constraints from clocks comparison are weaker than the ones from universality of free fall. However, one has to stress that they constrain another combination of the fundamental parameters. Such combination is given by Eq. (88e) while UFF experiments give access to the combination in Eq. (88c). One can see that experiments involving clocks are highly sensitive to D ′ me0 and 11 In Will's formalism [22, 23] , it is written as α but since we already have a lot of α in this document, we decided to use another notation. [78] ). Combining different type of experiments gives a way to disentangle the fundamental parameters D ′ i0 that appear in the combinations (88c) and (88e).
D
′ e0 ; while UFF experiments are more sensitive to D ′ g0 and to D ′ mu0 and D ′ m d 0 (see also the discussion in the conclusion of
D. Planetary and asteroids ephemerides
Planetary ephemerides analysis is a very powerful tool to test gravitation and to constrain extensions of GR. They have been used to constrain deviations from GR (see for example [14] [15] [16] [17] [19] [20] [21] ). On the other hand, observations of asteroids performed by the GAIA spacecraft [79, 80] and with radar observations [81] will also provide nice opportunities to constrain deviations from GR.
No clean tests of dilatonic theory has been performed using planetary or asteroids ephemerides so far. Instead of fitting standard PPN parameters in the equation of motion and in the propagation of light, we think it is more appropriate to fit the parameters summarized by Eqs. (88) and that are related to the fundamental parameters of the theory through this set of equations. Then, from these parameters, one can compute the coefficients defined by Eqs. (89) . These will appear in the modified equations of motion given by Eq. (53). In addition to this, one needs to consider the modification of the Shapiro delay which appear in the ranging observations. The expression of the Shapiro delay is now given by Eq. (66a). Finally, there is an additional effect that needs to be taken into account in the reduction of ranging observations: the modifications of the range observables as developed in Sec. VI B. The range observations used in planetary ephemerides are always two-ways range measurements (DSN station-spacecraft-DSN station). Therefore, it is sufficient to consider the additional term from Eq. (83) . This terms depends on the composition of the clocks used in DSN station. Note that astrometric measurements do not need a similar modifications as mentioned in Sec. VI D. Then, the parameters defined by Eqs. (88) can be fitted with all the observations used with planetary ephemerides.
Note that in planetary ephemerides analysis, the Sun gravitational parameter (Gm) is a parameter of the fit. On the other hand, the masses of planets appearing in the equations of motion (53) are fixed to values determined by the motion of satellites (natural or artificial) orbiting around them. Therefore, these masses may also be affected by a violation of the equivalence principle. Indeed, let assume that the mass of the planet j (m j ) is determined through the motion of a satellite s j orbiting around it. That means that the measured mass is in fact the productm j (1 + δ j + δ jsj ) which means that if one wants to be completely rigorous, the masses of the planets in Eq. (53) should be replaced by m j (1 − δ j − δ jsj ) where m j is the mass determined by the motion of a satellite s j around the planets j.
E. Ephemerides of satellites
The equations of motion (53) expressed in a barycentric reference frame are adapted to describe the motion of planets and asteroids around the Sun (see previous section) but are not optimal for integrating the motion of satellites around a planet. It is much more suitable to use an expression of the equations of motion centered around the planet. There are two ways of deriving these equations. The first possibility consists in working with barycentric coordinates and work with the planetsatellite vector, whose evolution equation is given by the difference of the barycentric equations of motion of the satellite and of the planet. The other possibility consists in constructing a proper local reference system (with a rescaling of the coordinates) and express the equations of motion in such a local frame. In GR, the theory of reference frames has been developed by Brumberg and Kopejkin [33, 40, 41, 82] and by Damour, Soffel and Xu [31] . This theory of reference frames has been extended to the PPN formalism in [34, 38] . Note that from a theoretical point of view, the use of a local reference frame is much more elegant but in practice, barycentric coordinates are still widely used in practical data analysis. This is the reason why we will present both approaches.
The motion of satellite (natural or artificial) can also be used to constrain modifications of GR. Around the Earth, the motion of the Moon is regularly used to constrain the PPN parameters with Lunar Laser Ranging (LLR) observations [83, 84] . In addition, the LAGEOS and LARES spacecrafts around the Earth are also used to measure relativistic effects such as the Lense-Thirring effect and to constrain GR extensions [85] . In the same spirit, satellites around other planets (natural and spacecraft) can also be considered to test gravitation.
In the following, we will develop both approaches: first, we will derive the satellites equation of motion in barycentric coordinates and second, we will make use of a local planetocentric reference frame.
Barycentric equation of satellites' motion
The procedure followed to express the equations of motion is similar to the one from [33, 41] . We decompose each of the terms appearing in Eq. (52) in two parts: one part related to the planet P around which the satellite is orbiting and one part denoted by a bar which denote the external contribution. More precisely, we use
while we will neglect the dβ T contributions in this section. As mentioned in Sec. IV B 2, this term is important only when |D The satellite barycentric coordinates with respect to the planet is given by x = x S − x P and follow the equations of motion
where the first term is the Newtonian force from the planet (corrected because of the violation of the EEP), the second term Q i P −Q i S represents the correction for the non-geodesic BCRS motion of the planet P and the satellite S. Note that for artificial satelites one hasm S = 0. The following term is the standard Newtonian tidal interaction given by
The last term is a correction to the tidal term due to the violation of the EEP. It reads
The first relativistic corrections appearing in the equation of motion are due to the gravitational field of the planets and are given by
where the first part is the standard PPN Schwarzschild correction and the second term is a term due to the motion of the planet (i.e. due to a Lorentz contraction).
We will see that this term is a coordinate effect that can be removed by using a suitable planetocentric reference frame. The second relativistic terms are given by
where a i P =Ū ,i (x P ) − Q i P is the Newtonian acceleration of the planet. We will neglect terms of the order Q i /c 2 . The first term corresponds to relativistic non-linear couplings which have tidal form. The second term is absent in GR and corresponds to Eq. (8.7) from [38] and has already been derived in [86] . The observability of this term has been studied in [86, 87] . As we will see, terms in g i 2 are coordinate effects that can be removed by using a proper local reference frame.
Finally, the last terms are given by
where the dot denots the total time derivative and the star means the total time derivative under constant
These equations are a generalization of the ones that can be found in [33, 41] . The detailed expressions of the potentials and their derivatives is given explicitely in Appendix B.
Planetocentric equation of satellites motion
Instead of working with the equations of motion expressed in terms of barycentric coordinates, one can use local planetocentric coordinates. They have the advantage to be more appropriate to describe the gravitational physics in the surronding of the planet. In the PPN formalism, the coordinate transformation between the BCRS and a local planetocentric reference frame has been derived in [34, 38] and writes
,
where capital letters design local coordinates. The parameter q defines the type of reference system used: q = 0 characterizes a kinematically non-rotating system and q = 1 characterizes a dynamically reference system [33, 41] . Using this coordinates transformation, one can transform the equations of motion (103) and express them in a local planetocentric reference frame. The procedure used is similar to the one described in Sec. 8 of [33] (see also [41] ). The first step consists in transforming the left-hand side of the equation of motion by using the transformation of coordinates from Eqs. (107) to obtain in computing
The expression of ∆ i 1 is given in [41] (see also Eq. (8.22) of [33] ). The second step consists in transforming the righthand sides of Eq. (103) to the new variables X and T (see Eqs. (8.24-8.29 ) from [33] ). This makes appear another correction ∆ i 2 whose expression is given in [33, 41] . Keeping only the leading terms related to the violation of the EEP gives the following planetocentric equations of motion
The time t * appearing in the tidal term is the TCB corresponding to the GCRS coordinates (T, X = 0), which is solution of T = t * − S P (t * )/c 2 (see the discussion in [82] ) 13 . A tedious but straightforward calculation (similar to the ones from [33, 41] ) allows one to show that the coordinate transformation compensates exactly the terms g 
The Φ i mg contains the gravito-magnetic terms that are dependent on the satellite velocity
where in all the 1/c 2 terms, the barycentric position x P , velocity v P and acceleration a P of the planet are evaluated at the TCB t = T and with
The last term in the equation of motion Φ el is the gravito-electric term that does not depend on the velocity of the satellite. It is given by
The expressions of the potentials appearing above and their derivatives are given in Appendix B. The last term in Eq. (111a) is due to the choice of the coordinate time t * at which we evaluate the tidal term in the Newtonian part of the equation of motion (see the discussion in [82] for further information). In the GR limit, these equations recovers the ones from [33, 41, 82] . Note that the 13 As mentioned in [82] , one can use t the TCB related to (T, X) in the Newtonian tidal term. Doing this will modify slightly the expression of Φ el but leads to complications for practice use.
equations presented here are a simplified version of the ones developed in [34, 38] where the full development of a proper reference frame in the PPN formalism taken into account the internal structure of the bodies is performed. The previous equation can be used to analyse data from observations of satellites (artificial and natural) orbiting around planets. The term given by Eq. (106d) vanishes in GR. This term shows that the external gravitational field in which a system is embedded influenced the internal dynamics of the systems (in addition to the standard tidal interaction). This feature is a characteristic of a violation of the strong equivalence principle. In our case, it appears as a coupling between the satellite orbit and the orbit of the planet around which it orbits. This term allows one to constrain gravitation as mentioned in [31] . Nevertheless, one has to be careful since the leading term in ϕ i 2 is highly correlated to the mass of the planet. Let us illustrate this fact by taking a planet P orbiting around a central massM with D the position of the planet with respect to this central mass. Then, the first term from Eq. (106d) is given by
In the case where the planet P has a nearly circular orbit around the central mass, this term can be absorbed in a redefinition of the planet massm P and therefore is difficult to measure. It is therefore highly important to fit the mass of the planet in this kind of analysis and to be careful about these expected correlations.
Note that the equations of motion are only one part of the modifications that need to be included in the data analysis. One needs also to consider the effects on the propagation of light as mentioned in Sec. V and the modification of the expression of the observables, especially in the case of a range measurement (see Sec. VI B), which is common for Lunar Laser Ranging and ranging to spacecraft (around Earth and around other planets).
Finally, since the external gravitational field in which a system is embedded can have an impact on its internal dynamics, it is fair to wonder if one can use the effect of our Galaxy on the Solar System dynamics. In the PPN formalism, our Galaxy will produce an additional term in the planetary equation of motion given by Eq. (106d). The leading term is highlighted in Eq. (112). Unfortunately, even if the order of magnitude of this term is above the current observations accuracy, it is completely correlated to the Sun mass and is not measurable. The other terms in Eq. (106d) are smaller by a ratio r/D and therefore are too small to constrain the PPN parameters.
F. Very Long Baseline Interferometry
Very Long Baseline Interferometry (VLBI) observations can also be used to constrain alternative gravitation theories [88] . The observable quantities in VLBI observations are recorded signals measured in the proper time of station clocks. A correlator then transform signals into a difference of coordinate Terrestrial Times (TT) related to two reception events of the same signal. If we denote by 1 and 2 the two stations that record an electromagnetic signal, the observables areτ 1 andτ 2 given by the integration of Eq. (75) . In the standard procedure described into detail in Chapter 11 of the International Earth Reference System conventions [89] , these proper times are transformed into TT times and afterwards into Barycentric Coordinate Times (TCB). The difference of the two TCB times can be computed from the incident direction of the electromagnetic signal and include the differential Shapiro delay [89] .
The dilaton theories considered in this paper will produce two effects that may impact VLBI observations. First, the propagation of light will be modified as mentioned in Sec. V, which will produce a modifiaction of the differential Shapiro delay that can be parametrized by the standard PPN parameterγ (and if one wants to be rigorous by a rescaling of the mass, see the discussion in Sec. V). In addition to this standard effect, the violation of the EEP will affect the time measured by real clocks that is now given by Eq. (75) . Therefore, the transformation between the time given by the two local clocks and TCB times will now be given by the solution of
where τ PPN is the expression of the proper time as a function of TCB in the standard PPN formalism (note that theγ parameter enters the coordinate transformation between the geocentric reference frame and the barycentric one [89] as can be seen from Eqs. (107)). The second term of the last expression is the contribution coming from the violation of the EEP which is given by the integration of
where the expressions of theδ coefficients are given by Eqs. (77) . If one makes a decomposition of the TCB as t i = t i,PPN +δt i where t i,PPN is the TCB computed in the standard PPN formalism solution ofτ i = τ PPN (t i,PPN ) and the δt i terms is coming from the violation of the EEP. An expansion of Eq. (113) leads to
Therefore, the modeling of the TCB time difference in the dilaton theories is now given by
where the first part is the standard PPN model [89] that includes theγ contribution in the transformation between reference frames and the Shapiro delay parametrized by the same PPN parameter. The second part modeled the violation of the EEP and depends on the composition of the two clocks. The amplitude of this second modification depends on how and how often VLBI local clocks are synchronized.
VIII. SPECIFIC CASES
In this section, we will take some particular cases of the action (10) and show we recover standard results. Moreover, the case of the decoupling limit presented in Sec. III A will be considered into detail.
A. Brans-Dicke-like theories
Brans-Dicke-like theories are characterized by f (ϕ) = ϕ, ω(ϕ) and all D i (ϕ) = 0 (no violation of the Einstein equivalence principle) which leads to Z(ϕ) = (2ω(ϕ) + 3)/2ϕ
2 . This leads toγ
which the standard result [27] . Similarly the observed Newton constant is given bỹ
which is standard too. And finally, the PPN β is given byβ
B. Damour and Donoghue
The Damour-Donoghue action is characterized by f (ϕ) = 1, ω(ϕ) = 2ϕ which leads to Z(ϕ) = 2 and the masses depends linearly on the scalar field so that β A0 = 0. The expressions from [6] are recovered from the formulas developed in this paper. In particular, one finds to the expression of the observed gravitational constant given byG
and a modification of the Newtonian potential characterized byW
The relative acceleration between two test particles in an external gravitational field generated by a body E therefore writes
At the same time, the PPN parameter is given bỹ
Therefore, from observational constraints on the postNewtonianγ parameter (|1 −γ| 10 −5 [90] ) one knows that d * g 2.10 −3 .
C. Phenomenology of a model with a decoupling
As already mentioned in Sec. III A, a decoupling scenario occurs when the scalar-Ricci coupling (the function f (ϕ) in the action) and the scalar-matter coupling (characterized by the functions D i (ϕ)) are related through Eq. (15) . This decoupling is similar to the decoupling studied in [28] where a simple effective multiplicative coupling between the scalar field and the rest mass energy density was considered.
In the framework of dilaton theories, the decoupling introduced in Sec. III A leads to α 0 = β 0 = 0, which means that the PPN parameters take exactly their GR valuesγ =β = 1. This result is independent of the function ω(ϕ) appearing in the action (10) . In addition, the parameters encoding the leading terms related to a violation of the UFF δ A vanishes exactly as well as can be seen from Eq. (43b). In this case, the violation of the UFF will be characterized by δ AT as can be noticed from the Newtonian part of Eq. (53) . Therefore, the η parameter introduced in Sec. VII A to characterize a violation of the UFF between two bodies B and C falling in a gravitational field generated by E becomes
where the coefficientsα A0 are defined by Eq. (29c). In this particular case, a violation of the UFF is still expected even though the values of the PPN parameters are exactly the same as in GR. This decoupling and several variations of it are studied in details in [8] .
IX. CONCLUSION
In this paper, we have derived the post-Newtonian phenomenology of a general dilaton theory where the dilatonmatter coupling is the microscopic model proposed by Damour and Donoghue [5, 6] . In addition, we consider a general dilaton-Ricci coupling and a general dilaton kinetic term. This generalization allows one to exibit a decoupling scenario studied in details in [8] . This scenario turns out to be interesting in the sense that observational deviations from GR predictions are strongly reduced. In particular, the standard PPN parameters take exactly their GR values and violations of the UFF is strongly reduced. Therefore it may play a role in the explanation of the non detection of a UFF violation so far; while a lot of theoretical developments seem to point out that this principle should be violated at some level [91] .
In addition, we presented all the equations needed in order to analyze observations within a dilaton framework in order to produce constraints on this GR extension. As mentioned in the introduction, dilaton theories produce two types of effects: violations of the EEP and modifications parametrized by the PPN formalism. Both these effects need to be taken into account simultaneously in the data reduction in order to produce clean constraints on this type of theory. We therefore presented equations of motion of celestial bodies in a barycentrice reference frame (useful for planetary and asteroids ephemerides) and in a planetocentric reference frame (useful for the motion of satellites -artificial or natural -around a planet), the equations of the light propagation which has implication on light deflection, on range and Doppler and finally the equation of evolution of the proper time delivered by a specific clock. All these equations can be used in order to analyze data like for example: clocks comparison in order to test the gravitational redshift, planetary ephemerides analysis, development of asteroids ephemerides, motion of artificial satellites around Earth, Lunar Laser Ranging, spacecraft tracking, Very Long Basline Interferometry, tests of the universality of free fall . . .
We insist on the fact that different types of experiment are sensitive to different fundamental parameters. For example, tests of the UFF are highly sensitive to the coupling between the dilaton and the quark masses (characterized by the parameters d mu and d m d ) and to the QCD mass scale (characterized by the parameter d g ); while experiments using clocks are more sensitive to the coupling with the electron mass (d me ) and coupling with the fine structure constant (d e ). It is therefore important to keep doing different types of experiment in order to derive the stringent constraints on this kind of theory.
It has to be mentioned however that in this study we used the usual dust field approximation in order to model matter. This is motivated by the work of Damour and Donoghe [6] which derived the link between the the (semi-)fundamental matter Lagrangian (2) and its effective point particles realization (3) . But because of the non-minimal scalar-matter coupling, one can expect non-trivial effects when considering fluids with pressure [28, 29, 47] . A careful extension of the results presented in this study for pressureful cases could be the next step in the study of dilaton post-Newtonian phenomenology. However several theoretical issues have to be addressed first. Indeed, because of the non-minimal scalar-matter coupling, parts of the material Lagrangian appear explicitly in the field equations and it is therefore a difficult task to derive from first principle the value of these on-shell parts when one eventually wants to consider effective pressureful fluids. This problem is left for further studies. of satellite motion
The goal of this section is to write explicitly all the quantities appearing in the satellite equations of motion derived in Sec. VII E. First of all, the decomposition of the potentials from Eq. (102) leads to the following expressions
∆ P (x) =Gm 
where r P = x − x P and r P = |x − x P |.
The following derivatives appear in the equations of motion U P,i (x) = −Gm 
U P,t (x) =Gm
The derivatives of the vector potential are given by 
The derivatives of the bare potentials are similar The expression of the acceleration of the planets P and their time derivatives are also required 
